Stringy Unification of Type IIA and IIB Supergravities under 
J\f = 2 D = 10 Supersymmetric Double Field Theory 



(N 

o 

(N 
+-» 

O 

O 

oo 



en 

CD 
43 



> 
OO 

o 
in 

d 

(N 



X: 



Imtak Jeon (*l ^ Kanghoon Lee ( ] 7 <H&), 2 Jeong-Hyuck Park C4^^), 3 'B and Yoonji Suh (^^-^l) 3 

1 Harish- Chandra Research Institute, Chhatnag Road, Jhusi, Allahabad 211019, India 
2 Blackett Laboratory, Imperial College, London SW7 2AZ, U.K. 
3 Department of Physics, Sogang University, Seoul 121-74-2, Korea 

To the full order in fermions, we construct D = 10 type II supersymmetric double field theory. 
We spell the precise N = 2 supersymmetry transformation rules as for 32 supercharges. In terms of 
stringy differential geometry we have previously developed beyond Riemann, our action treats R-R 
sector democratically and unifies type IIA and IIB supergravities in a manifestly covariant fashion, 
with respect to 0(10, 10) T-duality and a pair of local Lorentz groups, Spin(l, 9) x Spin(9, 1), in 
addition to the usual general covariance of the supergravities. 
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Strings perceive spacetime in a different way than par- 
ticles do through Ricmannian geometry. While the fun- 
damental object in Riemannian geometry is the metric, 
string theory puts the Kalb-Ramond i?-field and a scalar 
dilaton on an equal footing along with the metric, since 
they form a multiplct of T-duality [H-HI , a genuine stringy 
property which is not present in ordinary particle theory. 

Although type IIA and IIB supergravities in ten di- 
mensions provide low energy effective descriptions of 
closed superstrings, once formulated within the Rieman- 
nian setup, they do not manifest T-duality or explain the 
appearance of enhanced symmetries after dimensional re- 
ductions [1, [B[ . Riemannian geometry appears unable to 
capture the full stringy structure and string theory may 
be urging us to look for a novel mathematical framework. 

Double Field Theory (DFT) is an alternative yet equiv- 
alent description of the closed string massless sector, de- 
signed to manifest the 0(D,D) T-duality initiall y f or 
the NS-NS sector @-Q (c.f. related precedents (Utll)- 
It formally doubles the spacetime dimension, from D to 
D + D, by introducing additionally T-dual coordinates 
for the winding mode. Yet, DFT is not truly doubled 
since it is subject to so called strong constraint or section 
condition that all the fields must live on a D-dimcnsional 
null hyperplane: the 0(D,D) invariant d'Alembertian 
operator is trivial acting on arbitrary fields as well as 
their products, 



d A d A = J AB d A 8 B £Si 



jAB = 




(1) 



DFT also unifies the i?-field gauge symmetry and the 
diffcomorphism, as both are generated by generalized Lie 
derivative fl4l.ll5|. 



£ x T Al ... An := X B d B T Al ... An + Lu T d B X B T Al ... An 

+ J2^=l(^AiXB - dBX Ai )T Al ... Ai _ ± B A i+1 -A n ■ 



(2) 



Since this differs from the ordinary Lie derivative, the un- 
derlying differential geometry of DFT departs from Ric- 
mannian one and ought to be stringy, such as generalized 
geometry firjl - 1201 ] or as proposed in [2lT-430| . 

In this Letter, as the conclusive work of our own geo- 
metric approaches j2l| - |26| . we construct, to the full order 
in fermions, type II (i.e. Af — 2, 32 supercharges) D = 10 
supersymmetric double field theory (SDFT), which treats 
the R-R sector democratically [3ll433| . and unifies the 
type IIA and IIB supergravities in a manifestly covari- 
ant fashion, with respect to O(10, 10) T-duality, a pair 
of local Lorentz groups, Spin(l,9) x Spin(9, 1), and the 
DFT-diffcomorphism generated by the generalized Lie 

derivative, Cx ©. 

While we convey the essence of our formalism from 
HHil shortly and Table U summarizes our index gym- 
nastics, for a detailed review and the precise conventions 
used in this Letter, we refer the reader to the Appendix 
of Rcf.fH. 



Index 


Representation 


Raising 


& Lowering Indices 


A,B,--- 


0(10, 10) & tx vector 




Jab 


p,q,--- 


Spin(l, 9) vector 


r/ pq = 


diag(- + + ■■■+) 


a,P t — 


Spin(l, 9) spinor 


C+a/3 , 


(Yf = c+yc- 1 


P, q, • ■ ■ 


Spin(9, 1) vector 


Vpq = 


diag(H ) 




Spin(9, 1) spinor 


C+a/3 ! 


( 7 P T = C+YC+ 1 



TABLE I. Index for each symmetry representation and the 
corresponding "metric" to raise or lower the positions. 



The field contents of type II SDFT are 

d, V Ap , V Ap , C a c 



(3) 



The DFT-dilaton, d, gives rise to a scalar density with 
weight one, e~ 2d . The double-vielbeins, V Ap , V A p, satisfy 
the defining properties: 
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v Ap v A q 
v Ap v A q 



Vpq ! V A pV q — Tjpq , 

, V Ap V b p + V A pV B p = Jab 



(4) 



2 



such that they generate a pair of orthogonal projections, 
Pab = V A p V Bp , Pab = V A p V B p, satisfying 



P A B P B C =P A C , 
P A B +P A B = S A B 
P A B V Bp = Q, 



P A B P B C =P A C , P a b P b c = 0, 
Pa b V Bp = V Ap , P A B V Bp = V Ap 
P A B V Bp = 0. 



(5) 

The R-R potential, C Q a , is in the bi-fundamental spino- 
rial representation of the local Lorenz group, Spin(l, 9) x 
Spin(9, 1), and carries chirality, 



7 (ii) C ^(n) =±C . 



(0) 



Hereafter the upper sign is for type IIA and the lower 
sign is for type IIB. The gravitinos and the DFT-dilatinos 
are Majorana-Weyl spinors satisfying 7^ 11 V'p = +*1> P 7 
j^' p = 7 (11) P = -P, 7 (11 V = TP'- 

The master semi-covariant derivative (2~3. [26|. 

V A = d A + T A + $ A + $A , (7) 

contains generically three kinds of connections: T A for 
the DFT-diffeomorphism (J3J), &a for Spin(l,9), and $,4 
for Spin(9, 1) local Lorentz symmetries. Contracted with 
the projections or the double-vielbeins properly, it can 
produce various fully covariant derivatives. 

The master semi-covariant derivative is compatible 
with all the constants in Table [J ( "metrics" and gamma 
matrices). Further, it annihilates the whole NS-NS sector 
completely, T> A d = T> a Vb p = T> A V Ap — 0. The connec- 
tions are then related to each other through 



$Apq = V B p V A VBq, ®Apq = V B pVAV B q, 

Tabc = V B p D A V Cp + V B p D A V C p , 



(8) 



J 



where V A = d A + T A and D A = d A + $ A + <& A . 

In particular, as the DFT analogy of the Riemannian 
Christoffcl connection, the torsionless connection, T° A , 
can be uniquely singled out 0, [26| (c.f. j29|): 



y CAB = 2(Pd c pp) [AB] + 2(P [ i 3 P B f - p^p B f)d D p EC 



(Pc[aP B ] + Pc[AP B Y)(d D d + (Pd E PP) [ED] ), 



(9) 

such that a generic torsionful connection in DFT assumes 
the form: 

Tcab = T° CAB + A Cpq V A PV B q + A C pgV A p V B 9 , (10) 

where Ac pq , Acpq, correspond to torsions, see e.g. (|15p . 

The R-R field strength, T a a , is defined by [H| 

T:=V\C, (11) 

where T>°, is one of the two fully covariant, nilpotent 
differential operators, T>° ± , which are set by the tor- 
sionless connection (0), and may act on an arbitrary 
Spin(l,9) x Spin(9, 1) bi-fundamental field, T a p : 

V° ± T :=i A V° A T±i {11) V a A Ti A , (Vl) 2 T~0. 

(12) 

The DFT semi-covariant curvature, S A bcd> is 
defined in terms of the standard, yet non-covariant cur- 
vature, R AB cd [HE HI: 

S A BCD '■= 2 (RABCD + RcDAB ~ F E AB^ECd) , 

Rcdab = d A T BC D + T ac e T B ed - B), 

(13) 

and with the help of the projections, it can generate fully 
covariant curvatures: \p AB pCD _ pAB pcD^ SACBD 
(scalar) and V A p V B q S c ACB + \V f A p { + \V r A q / 
(Ricci-type), where we put V r = V A r T> A , T> f = V A fD A - 



The Lagrangian of type II SDFT we construct in this Letter is 



,-2rf 



1 {p ABpCD _ pABpCD )SAcBD + l Tr( ^) _ + iQ^Fftfl 



(14) 



First of all, the curvature, S A bcd, is set by the following 
specific connection, 

Tabc = F° ABC + i\p~i AB cP ~ 2ipiBCif>A 

-i\i) P ^ABC^p + ^BlA^C + i\p'lABCP' 
-2ip'j BC 1p A - i\i>' P lABci>'p + ^BlAlp'c ■ 

(15) 

The master derivatives in the fermionic kinetic terms are 
twofold: T>* A for the unprimed fermions and T> A for the 



r 



primed fermions. They are given by their own connec- 
tions, 



1 ABC 



ABC 



TABC ~ iggpjABCP + ijPlBC^A 
+i^lVlABC^p ~ 2i4>BjAlf>C + i^P'lBci>' A , 
TABC - iU-P'lABCP' + ijP'lBCll> A 



+i^ip'Pj A BCip' p - 2itp B jAtp'c + i\p~iBci>A 



(16) 
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With the charge conjugation of the R-R field strength, 
T = C+ 1 F T C+, the trace, Tr(J"J"), is over the 
Spin(l,9) spinorial indices. We emphasize that, con- 
tracted with the double-vielbeins properly, each term in 
the Lagrangian ([14]) is fully covariant. 

The type II SDFT Lagrangian (|14|) is pseudo: 

an additional self- duality relation needs to be imposed 
by hand on the R-R field strength, 

t- ■■= (1 - 7 (n) ) {? - i\pff + ih-f^/f) = ■ ( 17 ) 

Under arbitrary infinitesimal variations of all the fields, 
in terms of some shorthand notations, 



Sp := Sp - \8V Bq Pl Bq , 

'>B - jOV Bq % 



StfP ■= 5ipP - 8V B Pip B - jSV Bq ip p Y 



Sp' := Sp' - \5V Bq p'f 



(18) 



Sip'P := Sip'P - 5V B P4>' B -\bV B q^ v l Bq , 
SC := SC - CSd + \SV Ap j Ap C ~ \SV Ap Cj A P 
+ i<5VA p7 (11) 7 p C7 A , 
and a covariant Ricci-type curvature, 

S P q := V A p V B q S c ACB + 2itP q V p p - i^pV^p 

+ 2i$' p T>' q p' - if q %V' p if' q + ipipVqP + ip%V' p p' , 

(19) 

the Lagrangian transforms, up to total derivatives, as 

Tvnn Tl + ST ABC X 



-Type II 

-2d S yBpy B q 



Spq + Tr(T"/qT"/ p ) 



-ie- 2d 8lfp (V p p + -fPVpiPp - jPFjpip'p 

+ie- 2d 5p {^PVpP - Vpt/jP - J// ) 

+ie- 2d 5ftp (v' pP ' + */Pf>' p ip p - i p Ti P ipp 

-ie- 2d 5p' (jP'D'pp' - V' p ^'P - J>) 

f- (SdF - ^SV Ap V A ^qTjp) - V°_ F_5C 

(20) 

where we further set for T> A , V' A , 



+e~ M Tr 



T A 



BC 



F 



ABC 



TABC - i^PlABCP + i^PlBC^A 
+ i ^ P lABC^p ~ i^BlAlpC ~ ijP'lABCP' 

+i\p'lBC^' A + ijip' p lABci>p ~ ^WbIA^'c , 
?ABC ~ i^P'lABCP' + i§p'lBC^' A 
+i^' P lABC^' p ~ i^BlAtpC ~ i\PlABCP 
+i^PlBClpA + i\^ P lABC^p ~ 5i$ B ~f A lpc ■ 

(21) 

Each line in ((20]) then gives rise to an equation of motion. 
In particular, the on-shell Lagrangian vanishes, and the 
DFT-generalization of the Einstein equation reads 

Spq + Tr{T%F lp ) = . (22) 



The self-duality (jXTJ) implies the equation of motion for 
the R-R potential, V°_ J"_ =0. As in Af = 1 SDFT [H, 
the 1.5 formalism, l 5T AB c x 0', fixes the connection, 
T ABC , as (HI]). 

The Af = 2 supersymmetry transformation rules 
are 



S £ d= -i±(ep + e' p') , 

S £ V Ap = iV A q (e'jqip' p - e-fpipq) , 

S £ V Ap = iV A q (e^ q il)p - e'%f)' q ) > 

S £ C = i\(nPef p - ep' - fj p e'^P + pe') 

+CS e d - \{V A q5 £ V A p)^ d+1 h p C^ B , 
-^VpE + i\i p ef>' pP ' - ijP^s'jq^ , 
-rV' p e' + i|fV i> p p - if^j , 
V p s + i\l q P^'q + i^ q p'iq)%e' 
+ ije'tppp + i\ip p ep , 



8eP = 
Sep' 



(23) 



5^' p = V' p e' + i\i q P '4>q + i\^ q p lq ) lp e 
+ i\e'$ p p> + qtl)' p E'p' , 



where e, e' are Majorana-Weyl Af = 2 supersymmetry 
parameters with chiralities, 7^ 11 ^e = e, ^ xl ^e' = ±e', 
and T> A , T>' A are given by 



^ABC = F A BC - ijgPlABCP + I^P1BC4>A 

+i\VlABC^p ~ Zii>' B *lAi>'c , 
^'abc= t abc - ij^P'lABCP' + i^P'lBC4>' A 
+ili>'P^ ABC ^p - Si'ipBjAipc ■ 



(24) 



Under the Af = 2 supersymmetry ([2"3"]l . the Lagrangian 
transforms, disregarding total derivatives, as 



^^Typc II 



1 e- 2d V A q5 e V A p^[ 1 PF^ q F^ 



(25) 



This verifies, to the full order in fermions, the supersym- 
metric invariance of the type II SDFT action modulo the 
self-duality (fT7|) . For consistency, the supcrsymmetric 
variation of the self-dual relation (fT7|) is closed by the 
equations of motion of the gravitinos, 



5 £ T- 



-i (Vpp + jPVpfjp - jPFjpi> p ) e'f 5 



-i^e (V' p p' + V'p^P - ^ pl pF^P 
Double-vielbeins admit parametrization [23l.[2 



(26) 



Va p = 75 



-1\ n 



(B + e) 



Va p = 75 



(B + e) vp 



l/p 



(27) 

are two copies of ten-dimensional 
vielbeins corresponding to the same spacetime metric, 



where e 



4 



and B pu is the Kalb-Ramond two-form gauge field, 
with B m = B^e^ 1 )/ and B^ p = B^ l/ (e~ 1 ) p 1 ' '. After 
turning off the winding mode coordinate dependency 
as a specific solution to the section condition ([1]), the 
parametrization (|27|) renders SDFT to the gen eralized 
geometry reformulation of supergravity (l9l. |20[| - Fur- 
ther, as discussed in (2(|, equating the two vielbeins, 
e M p = e p P, breaks the double local Lorentz groups, 
Spin(l,9) x Spin(9, 1), to its diagonal subgroup and 
truncates type II SDFT to the 'democratic super- 
gravity' HH- Hence, our work provides the 0(10,10) 
manifest DFT-generalization as well as the full order 
supersymmetric completion of Refs.fl9l. |20|. l33j. 

The diagonal gauge fixing also modifies the 0(10, 10) 
transformation rule to call for a compensating local 
Lorentz rotation (2(| , such that fermions and R-R sector 
are no longer 0(10, 10) singlet, and 0(10, 10) T-duality 
group may flip the chirality of the theory, resulting in 



the exchange of type IIA and IIB supergravitics. In 
fact [2r|. the R-R sector can be mapped to an 0(10, 10) 
spinor |34J-|37|. 

The uplift of type II SDFT to A^-theory, or 

the extension of 0(10,10) T-duality to En U- duality, 
remains as a challenging future work, c.f. p§H4l\ . 
Setting the primed fermions and the R-R sector trivial 
consistently truncates the above Af = 2 SDFT to the 
previously constructed Af = 1 SDFT (2f| (up to a change 
of convention for the charge conjugation |26(). 
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APPENDICES 

Appendices are structured as follows. 

• Appendix [AJ The variation of the Lagrangian induced by arbitrary transformations of all the fields, Eg. (1201) . 

• Appendix IE! The verification of the AT = 2 supersymmetric invariance of the type II SDFT action, Eq. ([25j) . 

• Appendix O Relevant Fierz identities. 

Appendix A: Variation of the Lagrangian under arbitrary transformations of fields 

It is worth while to note that, under arbitrary variations of all the fields, the following identities, hold up to 
total derivatives and the section constraint (JTJ) . 

For the double-vielbein, generic (torsionful) connection and curvature, 

SV Ap = Pa b SV Bp + V A q SV B[p V B q] , SV Ap = P A B SV Bp + V A q SV B[p V B q] , 

5$ Apq = V A (V B p SV Bq ) + V B p V c q 6T ABC , 5$ Apq = V A (V B p SV Bq ) + V B p V c q ST ABC , ( A1 ) 

SS ABC D = T^[ A ^B\CD + T^[C^D] A B — ^F[ ABE }5r E CD - ^T[ CDE ]ST E AB . 

Further with the fcrmions, 



(A2) 



sva^p^p^V piabcP + 5v Ap n A ^ abc pi>rfaboV = o , 
5v Ap ^ A PT b ^'p p'% UP > + sv Ap p^ A Pr b5 p' 4>' P i-ab- c V p = o . 

For the NS-NS sector of the Lagrangian, 

5[\{P AB P CD - P AB P CD )S ACBD ] ~ \8V A ^V A q S pq - IST ABC (P B D P C E - P B D P C E )T^ . (A3) 
For an arbitrary bi-fundamental quantity, A4 Q a , with the charge conjugation, M. = C+ 1 M. T C + , 

e- 2d Tr(STM) ~ e~ 2d 5dTr(TM) 

+e~ 2d Tr Use + CSd - \5V Apl A PC - \V A p SV Aq ^ 11 h q C^ p + \5V Ap C^ A i>) WjA (A4) 
+ {-\SV Apl A PF - \V A p 5V Aql i - 11 h q Fl p + \5V Ap F^ a p) M . 
Hence, for the R-R sector of the Lagrangian, we obtain 

S[e~ 2d (\F a& F a& - ipTp 1 + i^ plq F^' q )} 

~ e~ 2d Sd {ipTp 1 - i^ plq T^ip lq ) 

Sr 2d [-* (Sp - \5V Bq - pi Bq ) T P ' + i (5i> p - 5V b p ^b - \SV Bq ij pl Bq ) 7 9 ^7 P <] 
S- 2d [+i (Sp' - \SV Bq p^ Bq ) Tp - i (6iJ p - SV B P 4>' B - \5V Bq ^ Bq ) 7^7^] ( A5 ) 
+±e~ 2d 5V A PV A q Tr[ 1 ^ (F - ipp + vf$rf/jf) %T lp \ 
-e~ 2d (SC - CSd + \8V Apl A PC + \8V Apl ^h^ A - \5V Ap C^) a ^ 
x (T- ipp + iY^' r r)] aSl ■ 
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For the fermionic kinetic terms, from (|A1[) , we have 

~ i\e- 2d 5V B vV B « (pj p V±p + 2^V; P - ^ p lp V^ p + p%V' p *p' + 2fyD»pf - ^">%V';^ q ) 

+ie~ 2d (sp - \6v Bq n B ' 1 ) (i p v; P - v^p) 

-ie- 2d (5i>P - 5V b Hb - \5V Bq V-i Bq ) (pip + 7*Wp) 

(A6) 

-ie- 2d (Sp 1 - \SV m p'^ Bs ) (j p V'*p> - V'^'p) 

+ie~ 2d (SfiP - SV B H'' B ~ \SV Bq ^ BB ) (V'*p' + f^*V>p) 

+ie-™sr* A BC (\- P1 ABC P - Wi bc p - \i> p i ABC i>p - Wi A ^ c ) 

-ie- 2d 6T'Z BC (\p>^ ABC p> - l$' A j BC p' - lij'Pj ABC ^ p - \^ B ^ G ) . 
Here we let the connections assume the following generic forms: 

r ABC = ^ABC + CllPlABCP + a 2 pl B C^A + 0.3^7 ABClp P + a^lpBlAlpC 
+a' 1 p'jABCP' + a'zp'lBCpA + ^' P lABcf P + a'i^BlAtpc i 

(A7) 

r ABC = ^ ABC + aiPlABCP' + O-ZplBC^A + a 3 4' p lABci>' P + O^bTaV'c 
+ a[p~fABCP + a' 2 p-lBC"4>A + a' 3 i>pjABC'>P P + a'^BlA^c ■ 

ft is easy to check that, a[ and a' 3 decouple from the fermionic kinetic terms (|A6j) . and only the linear combination, 
a 2 — \a>'<± alone is relevant among the four primed coefficients, {a' l5 a^, a 3 , CI4}. Without loss of generality, henceforth 
we put 

a[ = a' 3 = . (A8) 
We proceed to compute the variations of T* ABC and T' ABC (|A7|> . for which we first note 

5( a 'iP'lABcp' + a^BC^A + a' 3 %lABci'' p + a'^A^'c) x (\Pl ABC P - Wl BC P ~ Wl ABC ^p - \^ B 1 A ^ C ) 
= SV A PV A p (±a[p'y pq -rp'iP%r + \a' 3 ^ pqf ^ B lp V - \a'^ p ^ p lpqr p + \a' A ^ p ^^ lpqr r) 

-H ( s p' - Wb p p'i bp ) i Sf ^ p i> q i P i>f - H (6 ft* - 5V B P4>' B - \8V m 4>'px( Bd ) y s p'Aip^ 

-|a 4 (54/P - 5V b p^ b - \5V Bq ^ Bs ) W^TmV'p ■ 

(A9) 
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Yet, with (|A8[) taken, we just need 

S(a 1 pj A BcP + a 2 piBc4>A + a 3 ippjABC^ p + a^BjAipc + ^Pibc^'a + "-WbIa^'c) 

x {\Pl ABC P - Wl BC P ~ \Vl ABC ^p - Wl A ^ C ) 
= SV A PV A p [-(iai + la 2 )p 1 st ^ P Pl P stP+ {\a 2 - ^PY^P^lpst^ 

-\a'd>" i lpi>' T PlpqrP + \aW q lp^' r ^qlpqr^ q ] 

+ (Sp - \SV Bp Pl Bp ) [hrstPi-a! + ±a 2 )i> P Y st V] ( Al °) 
+ (64? - 5V B H B - \8V Bp Vl Bp ) [hrst^p ((^a a + a 3 )pj rst P - (a 3 + ia 4 )^ 7 rs V ? )] 

- \d 2 (Spf - \8V B pP'^ Bp ) 7^' p V^f 

- \a! 2 (8$* - 8V Bp f B ~ lSV B qi>' p 7 Bq ) T s p'Al P 4s 

- \a\ (6$* - 6V B P$' B - \8V Bq 4>' p *f Bq ) lH' q (hv&v , 

and similarly 

S(aip'jABcp' + a 2 p'jBCipA + a^' p lABC^' p + a^'^A^'c + ^iPlBci'A + a'^BjAipc) 

X (\p'^ ABC p' - \4,' A ^ BC p' - _ 

-^a'i^lpVp'lpqfP' + ^a'i^lpVi'qlpqf^'' 1 ] 

+ (Sp' - ISVbpP'j 3 *) + ±a 2 w P r s H' p ] ( An ) 

+ (8#* - W B H' B - \8VBqi>' v l Bq ) ((t6«2 + a 3 )p'r°tp> - (03 + ^^"V' 9 )] 

- |a 2 (Sp - isv Bp pj Bp ) i qr rv q i P v r 

- \a> 2 (&r - 5V B H B - \5V Bp ri Bp ) l qr P^ q lpi=' r 

- \a' A (S$ p - 8V Bp 4> B - \5V Bp Vl Bp ) l q ^p'l P q4' q ■ 

The variation of the fermionic kinetic terms (|A6p now assumes the desired expression: 

e - 2d 8(i±pyPV*p - iVVtp - i\^^V* q ip p - i\p'^V'tp' + ii>'PT>'*p' + i\^ Pf ^V^ilQ 
~ i\e- 2d 5V Bp V B q (pl P v\p + 24> q V p p - rj p V^ p + p%V»p' + 2i>'fy - fi^ q V'^' q ) 
+ie- 2d (Sp - \8V Bq Pi Bq ) (fV*p - T> P ip p ) 

~ie~ 2d (8i> p - 8V b Hb - \8V Bq Vl Bq ) (v pP + 7 p £^i>) ^ 

+ie~ 2d (Si''P - 8V b p $' B - \8V Bq ^'Pl Bq ) (v' pP ' + 7^^) 
+ie' 2d 5T A BC (\P1 ABC P ~ Wl BC P - |V>V SC ^p ~ i^ B 7 A ^ C 

_\p^ABC p < + l^A^BCp, + l^p^ABC^ + ^ 
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and the Lagrangian transforms up to total derivatives as 



^•^Typoii — 28d x £. TypeU 
+ST ABC x 
+ \e- 2d 5V B vV B q 



S pq + Tl(Tjq J"7 P ) 



-ie~ 2d (S^p - 5V b Hb ~ \6V Bq 4> p -l Bq ) (v P p + l p V^ p - 7^%^) 
{Sp - l5V Bq PJ Bq ) (l p Vlp - V p tfjP - Tpf) 

{5p> - \5V Bq p'^) ^V'lp 1 - V'^'p - fp 



,-2d 



-2d 



.,-2(2 



Tr 



(A13) 



Here we set generically 



S pg := S pS + 2i%V pP - itpipT^p + 2iiP' p V' q p' - i^ q V'^' q + ipry^p + ip%V'*p 



(A14) 



and 



T ABC = r *ABC + hpjABCP + hpiBC^A + hi'plABClp P + b^BjA^C 

+ b' 1 p'lABCp' + b' 2 p'lBC^ A + b'^ABc^'P + V&'jtfAfc > 
^ABC = T *ABC + ClPlABCP + C 2 pjBC^A + Cz^p^ABC^ P + C^B^A^C 

(A15) 

+ c' 1 p'^ABCP' + c' 2 p'^BC^' A + c 'ii , 'plABC^' P + ^'bIA^'c . 
f ABC = F* ABC + dipjABCP + d 2 p"fBci>A + d 3 1pp"fABc4> P + d^BjAlpC 
+d' 1 p'jABCP' + d 2 p'jBClp' A + d'^' p lABC^' P + d' 4 4> B jA^ C i 



T 'aBC = T ABC + blp'lABCP' + b 2 p'^ BC i>' A + hftplABCp' 1 ' + b^gjA^c 

+b[pjABCP + b' 2 pjBC^A + b' 5 ^p-fABClp P + b'^BlA^C , 
T ABC = T ABC + ClP'lABCP' + C 2 p'^ B ci ] ' A + C^' p lABC^' P + C^'gjA^'c . ( N 

(A16) 

+c[pjABCP + c'2PlBC^A + c' 3 1pp~fABci' P + c'^BlA^C , 
^ABC = T ABC + dlp'^ABCP' + d 2 p'^BC^' A + fo^'pl ABC^' P + ditp'sJA^'c 
+d' 1 pjABCP + d' 2 p^BC^A + d' 3 i>p^ABC^ P + d'^BlA^C , 



of which the coefficients must satisfy the following nine constraints, 



b' 4 = 4 C ; 



dn = ai, — ha' 



u 4 ~ u 4 — ^"-1 J "2 ' °2 — u 2 2 4 i 

a' 4 + c' 4 = -4c 3 , a' 4 + d' 4 = -2(a' 2 - \a! 4 ) , 

a i + b 3 = Te( a 2 - d 2 ) , a 3 + ci = -j$(a 2 - d 2 ) , ( A17 ) 

a 3 - c 3 = i(c 4 - a 4 ) , a! + fix = -g(a 2 + 6 2 ) , 
as + d.3 = ^(a 2 + c 2 ) . 
A particularly simple solution is given by 

b\ = c[ = d\ = -\(a' 2 - §a 4 ) , b> 2 =c' 2 =d' 2 = -\a! 4 , 
b's = <k = 4 = ~ H) > b' 4 = c' 4 = d' 4 = -2a' 2 , 

and 

bi = c\ = d\ = -|(ai + a 2 + 8a 3 ) , b 2 = c 2 = d 2 = -|(16ai + 7a 2 - 16a 3 ) , 
b 3 = c 3 = d 3 = -i(8a! - a 2 + a 3 ) , 6 4 = c 4 = d 4 = ±(16ax - 2a 2 + 20a 3 + 3a 4 ) . 
Specifically, for T^ BC and T'abc gi ven i n CS|) as 

ai = ' a 2 = *f> a 3 = , a 4 = -2i, a 2 = if , a 3 = , a 4 = , (A20) 

we achieve (I2T1). 



T ABC = r ABC = f ABC = TabC - «f§/07ABCP + i^PlBC^A + i^Vl ABC^p ~ i^lpBlAlpC 

-ijP'lABCP' + i^P'lBC^A + ij^lABci'p ~ ^' B lA^' C , 

r ABC = T ABC = T'ABC = T ABC ~ if A p'lAB C p' + l§p'lBc4>' A + if 4 V P lABC% ~ ^'bIA^'c 

-ijPlABCP +i^PlBC^A + ijlp P jABClpp ~ ^BlA^C ■ 

Alternatively, in a similar fashion to Ref.[25[, we might set 



^ ABC 


= Fabc 


- i^PlABCP - 


I" i^PlBClpA + ij^ P lABci>p ~ Si-lpBjATpC > 


f" 

1 ABC 


= Fabc 


- i^P'lABCP' 


+ i\PlBC^' A + i\^' P lABC^' p ~ 5i4>BjAipc , 


1 ABC 


= F A bc 


+ i^PlBC^A ■ 


-H|;'0 r 7ABcVv, 


r *t 

1 ABC 


= Tabc 


+ i^P'lBC^A 


+ i^i)' r *[ABcf r , 


L ABC 


= ^ABC 


~ i-T^PlABCP + i\piBC^A + ij^VlABClpp ~ ^BlA^C + ^P'lBC^A > 


1 ABC 


= Fabc 


~ i^P'lABCP' 


+ i\p'lBC^' A + i\\'4 } ' P lABci> v ~ ^BlAlp'c + i^PlBC^A 



(A18) 



(A19) 



(A21) 



(A22) 



That is to say, there are various ways of absorbing the higher order fcrmionic terms into the torsions as long as 
the constraint (|A17[) is satisfied. In this paper, we choose (|A21|) and hence (|2"T|) such that, the entire equations of 
motion (|20[) can be written in terms of only two kind of torsions: one for the unprimcd fcrmions and the other for 
the primed fermions. 
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Appendix B: J\[ = 2 supersymmetric invariance of the action 



Here, we sketch our verification of the TV = 2 supersymmetric invariance of the action as in (|25[) . order by or- 
der in fermions. We substitute the TV = 2 supersymmctry transformation rules (|23[) into (|20p and organize the 
supersymmetric variation of the Lagrangian as 



6 S C 



s c ll] + s c m 



eA-'TypcII — u £ i^Typc II I ^E-^Typell ~ ^E^Typc II J 



[■"5] 



(Bl) 



where £ £ £Typeiij ^e^Typeii an( l ^e^Typeii denote respectively the linear, cubic and quintic order terms in fermions 
which arc DFT-dilatinos and gravitinos. 

First of all, we focus on the linear order terms which decompose into four parts: 

where, disregarding the total derivative terms, we have 

\{pe + ~p'e'){P AB P CD P AB P CD )S ACBD 
+p {h pg [?>p, + V" A V A ) e - p> {\i™[V» p , V°] + V oA V A ) e> 



AjT2 = 



-2d 



,-2d 



-2d 



p{V p T)^e' - p'{V p T)^e + ^V^^e' - ^V° p F)^e 
+ ±Tr[(pe' - ep' + 7 %V/ - $ p e'r)W7] ] , 



We show, up to the level matching section constraint (JTJ, each of them vanishes except the last one, Ajri. 

1. For A p . 
We first note 



(B2) 



(B3) 



[D% V' B ]e = fUse - T c AB V° c e , 2^2? oA e = (d A $ oA + T A AB ®° B - $ A <S> oA )e + 2<P A V oA e , 
[D° A , V° B ]e' = F AB e' - Y c AB V° c e' , V a A V oA e' = (d A $ oA + T A AB $ B - $ A $ oA )e' + 2§ a A V oA e' . 
Then, due to the identities [26l . 



(B4) 



d A $° A + <s> A <s> oA + ^ ab f ab + (r B BA - ±r A pql p«) <z A _ ~ju ABCD 



1 CO 



d A $ oA + $ A $ oA + \^ AB F AB 



{?b BA - \T A Pq l™) n 



1 CO 

' 4°ABCD 



pACpBD 
pACpBD 



we obtain (a/. [13,121) 



(B5) 



(|7 M [^,D|] + P oA ^) e' ^ -|P AB P cd 5Vbd£' • 



These simplify A p as 



A, 



ile- 2d 



{pe - p'e'){P AB P CD + P AB P CD )S 



ACBD ) 



and finally from the identity [23J, |26 



^pAB pCD _|_ p Aa pUU^g 



AB nCD\ no 



ACBD 



(B6) 

(B7) 
(B8) 



we note A fl ~ 0. 
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2. For A^. 
From 

[VP, V°]e ~ \S^ rs Y s e , [VI, V°]s> ~ §S^- fs -T s V , (B9) 

A^ reduces to 

A^ ~ -ile" 2 ^'^' + ^(P^ - P AB )S° A?B • (BIO) 



Then, from the identity |23|,|26(, 

/ jjAB f>AB \ , 

JpAqB 

we verify A^ ~ 0. 

3. For A jr. 

Straightforward computation may give 



{P AB_pAB )S o Qj (Bn) 



Ajr = -ie 



-2d 



(B12) 



p(l - 7 ( 11 ))X)^7% / + e(l + t^^D^F/*^, 
-|Tr[(p'e + ^£7 P + e'P + l p e'^ p )V a + F] 

Hence, from the chirality of the fcrmions and the nilpotent property [26j . 

V\T= (V° + ) 2 C~0, (B13) 

we note Ajr ~ 0. 
4. For Ajr2. 

Using the well-known Fierz identities involving a cyclic sum over three spinorial indices (|C6j) . it is easy to show 
that Ajr2 (and hence (L£tJ pcII ) reduces to 

5 e dLn * A^ 2 = l \e-^{e lv r q ~ ?lMTr[f(l - 7 (U) )^7^] • (B14) 



We now turn to the higher order terms in fermions. After long and tedious computations, using the various Fierz 
identities presented in Appendix [Cl we obtain, for the cubic order terms, 

<5 £ 41en * |e- 2d (£7 P ^- - £ 7 9 -^) (pt^V - ^yV-FyW*) , (B15) 
and for the quintic order terms, 

S e 4Ln = iie- 2rf (e 7p ^ - (p 7 p 7 s ^ V^W + s^V^W^) ■ (B16) 

In fact, the cubic order terms decompose into two parts: one involving the R-R field strength, J 7 , and the other with 
the torsionless master derivative, V° A . The former reduces to (|B15[) and the latter turns out to be a total derivative 
which wc neglect. The computation of the quintic order terms is genuinely algebraic. 



At last, adding up (|BT4| . (|BT5| and (IbTBT) . we obtain the final expression (|25p . This completes our verification of 
the M = 2 supersymmetric invariance of the action, modulo the self-duality (|17|) . to the full order in fcrmions. 



Appendix C: Fierz identities 

With the chiral/anti-chiral projections, 

7± :=£(1± 7 C")) , j ±:= i(i ±7 (U)) 



where 



7 (11) = T 012-9 j ^(11) = y)12-9 



relevant Fierz identities are as follows (c./. |25|). 

(7-)" xh+Y p = 3^r(7a 5 ... Ql 7-) 5 A(7 ai - a5 7+) Q p + £ Te^^-a^-)' 



n=l,3 



(7±) Q a(7±) 5 , = £ Tra(7a„... Ql 7±) 5 A(7 Ql - a "7±) Q „ , 

n=0,2,4 



mm m,n 



2=0 



7a m — oi7 l -l ^ II j I7[a m — o i+1 °oi ° a; ] 



In particular, 



7 P 7a 1 ...a„7 p = (-l)"(10-2n) 7ai ... a „, 

7p?7a 1 -a„7 P9 - (-90 + 40n - 4n 2 ) 7ai ... Qii , 

l Pq rl ai -a n l pqr = (-l) n (-720 + 544n - 120n 2 + 8n 3 ) 7ai ... a „ , 

(C +7 p 7±W (C +7p7± ) 7) , - 0, (C+7 P "7±) ( ^ (C + 7p7±) 7)5 - = 

labcl stu = -7 stu 7a 6c + 18 7 [s * 7 [a & C] 1 + 72 7 [ *7[.«g ~ 48 W«c" , 
7 P9 7abc7 stu 7p 9 = -6 7 siu 7a6c + 108 7 [st 7[a& C] 1 " 14 47 [s 7[ C] " 864 <^ 



For the chiral gravitinos, ijjp = +7^ 11 ^-0p, and the anti-chiral DFT-dilatinos, p = —j^^p 

Pl Pqr p(Pl Pq ) a = , Rl Pqr p{Pl Pq r) a = , 

PP = ^i.Pl Pqr P)l-lpqrl+ , lp P $p = ^(Vl Pqr, 4>p)l+lpqrl- 

j E Pl PqT p4jplp q r1p P = -Plpq^pPl Pq V , 

l PqrSt e^p lvqrst = , l PqrSt P^plalpqrst = , 



13 

\l q ^p£l Pq P ~ \l q £ i'plpqP + i7 P 7 9r £ ^plqrP + \lp^ptp + \lp^pP + psjpipp = , (C13) 

^ s l p l^t Vsl^lHt = ^sl pst r^ s lH't - 2rY st ^s<f^t + 4>' s l qsi ^ ls ^sl p i>i - 2^7 55 V^s7 s V't ■ (C14) 
Further, with an additional anti-chiral fermion, x = — 7 ( " 11 'X: 

<^eY st ippPJrstX ~ %P^pX ~ \sY s XPlrsi>p - \p^p£X + \Sl r ^pPlrX = • (C15) 
With the R-R field strength, T = T7 (11) .Py (11) , 

( 7p ^-)(£7 p ^) = |fe7pe)(7 p ^7 ? ) - U^ce){i abc T^) , 
(£7 P ^)(7 P ^7 ? ) = -i( 7 p £)(^ 7p -F7*) + Ul ahC£ )^bc^) , 
(eia bc ^)(l abc J 7 l' 1 ) = -18(7 p £)(^- 7p ^7 g ) - ^(7 abc e)(^7a 6c ^7 g ) , 

(C16) 

(7 P ^7 9 V)(^7?) = lil^l^lqe') - ±h p FT be W P %- bs e') , 
(YFt l5 )W P %ic£') = 18(7^ 7p -<)(£'7^) + \{l p ^l-al-^p){e'T l5 ) . 



